In this study, we deduce Vassiliev invariants from quandle shadow cocycle invariants using the Alexander quandle of links. First, we relate the quandle (shadow) cocycle invariants and Vassiliev invariants of links. Second, we obtain the relation between quandle cocycle invariants and Vassiliev invariants. Third, we describe an example of (2, n)-torus links. Finally, we present a problem for application to surface 2-knots.
Introduction
We show that Vassiliev invariants can be deduced from quandle cocycle invariants using Alexander quandles. An R-matrix whose components are appropriately set for the values of a quandle cocycle satisfies the set-theoretic YangBaxter equation, and the values of the quantum invariants calculated using the R-matrix equals those of the quandle cocycle invariants. We can obtain Vassiliev invariants in the case where quandle (shadow) cocycles are calculated using trivial quandles [1] . The relation between (shadow) quandle cocycle invariants and quantum invariants has been clarified using only the abovementioned method. However, we successfully deduced finite type invariants from quandle shadow cocycle invariants. As shown in the figure 1 below, we find a relation between the 2 types of invariants described above, which were considered to have no relation to each other. In particular, we find that in the case of Alexander quandles, Vassiliev invariants can be obtained using quandle (shadow) cocycle invariants. This is expected to have applications to surface links and low-dimensional manifolds in the future. Generally, it is difficult for us to obtain Vassiliev invariants from Quandle (shadow) cocycle invariants by using Theorem 3.5. However, it can be obtained as shown by Example 3.9.
In Section 2, we review the quandle (shadow) cocycle invariants and Vassiliev invariants. A quandle is a set with a binary operation satisfying certain axioms, which is analogous to a group with conjugation. The cohomology groups of quandles were introduced by Carter, Jelsovsky, Kamada, Langford, and Saito [3] as an analogy of group cohomology. We denote the n-th cohomology group of quandle X with coefficient group A by H n Q (X; A). Furthermore, the (shadow) quandle cocycle invariants of classical links were defined using 2-cocycles or 3-cocycles of the cohomology groups of quandles [3, 4] .
In Section 3, we prove that Vassiliev invariants can be deduced using the quandle cocycle invariants of Alexander quandles. We show that these Vassiliev invariants are not the trivial invariants of knots in which the solution of the Alexander polynomial is the root of 1.
Quandle cocycle invariants and Vassiliev invariants
A quandle is a set, X, with a binary operation, * : X × X → X, such that the following three conditions are satisfied:
(i) For any a ∈ X, a * a = a.
(ii) For any a, b ∈ X, there exists a unique c ∈ X such that a = c * b.
Let Z[T ± ] be the Laurent polynomial ring and J be an ideal of
/J is a quandle under the operation
for any x, y ∈ Z[T ± ]/J. Such a quandle is referred to as an Alexander quandle. When ω = 1, that is, x * y = x, we refer to the quandle as a trivial quandle.
Let X be a quandle and Aut(X) denote the group of the quandle automorphisms of X We consider a natural map,
The inner automorphism group, Inn(X), is the subgroup of Aut(X). For an element a ∈ X, let ψ a : X → X be the map defined by ψ a (x) = x * a. By definition, we have ψ a ∈ Aut(X) generated by {ψ a | a ∈ X}.
Let L be an oriented link and N (L) be a small tubular neighborhood of L. Let E(L) = R 3 \ N (L). We fix a base point x ∈ E(L). Let B L = {homotopy classes of paths in E(L) with fixed initial point x and an endpoint on ∂N (L)}. Here, the homotopy refers to the homotopy that keeps base point x fixed such that the trajectory of the other endpoint is contained in ∂N (K). Let the oriented meridian, ∆ β , be the loop in ∂N (L). We define an operation, Figure 2 , where β −1 denotes the path traversed backwards. The concatenation of paths denotes the standard composition law for paths based on homotopy theory. The link quandle is defined as (B L , * ). Furthermore, the quandle homomorphism, B L → X, is referred to as an X-coloring of L. For oriented link L, the link quandle B L ( [7] ) is defined to be a quandle that is broadly defined as the conjugacy class of π 1 (R 3 \ L), including meridians. For the finite quandle X, we refer to a quandle homomorphism, B L → X, as an X-coloring of L and refer to link L with X-coloring C as an X-colored link.
Let D be a diagram of the oriented link L for quandle X and A(D) be the set of arcs of D. The map C :
is applicable at every crossing of D, where γ 2 is the over arc at a crossing and γ 1 and γ 3 are under arcs such that γ 1 is on the right side of γ 2 . By definition, there is oneto-one correspondence between the set of the {X-coloring of D} and that of the quandle homomorphism from B L to X. If X is a finite quandle, then the number of X-colorings of D is an invariant of link L.
We review the quandle cochain complex [3] . Let (X, * ) be a quandle of finite order and A be an abelian group. Consider a set,
For n ≥ 1, we define the coboundary map of the set above, δ n : C n Q (X; A) −→ C n+1 Q (X; A), as follows:
Figure 3: Coloring of crossings
We easily see that δ n+1 •δ n = 0. The cohomology of this complex (C n Q (X; A), δ n ) is denoted by H n Q (X; A) and referred to as the quandle cohomology of X (with coefficient group A).
We consider the cohomology group, H n Q (X; A), of Alexander quandle X on F q with binary operation (1). The cochain complex (C n Q (X; A), δ n ) is described according to [13] , as follows: We note that for an arbitrarily fixed (a 1 , . . . , a n ) ∈ X n , the map g a1,...,an : X n → F q defined by
can be presented by a polynomial of the form
Hence, by considering a linear sum of such maps, any map from X n to F q can be presented by a polynomial with respect to x 1 , . . . , x n . Furthermore, by introducing new variables,
It is shown in [13] that the coboundary map is presented by
Theorem 2.1 ([12, Theorem 2.2]). We fix ω ∈ F q with ω = 0, 1. Let X be the corresponding Alexander quandle on F q . Then, the following set provides a basis of the second cohomology H 2 Q (X; F q ):
We define the following sets of polynomials to obtain a basis of H 3 Q (X; F q ): We recall that 3-cocycles are represented by polynomials in U 1 , U 2 , and U 3 ,
(mod p).
Further, we consider
where
,
, and condition (3) is given by u ≤ t, v < t < m, u < s < m, ω
Theorem 2.2 ([13, Theorem 2.11]). We fix ω ∈ F q with ω = 0, 1. Let X be the Alexander quandle on F q with binary operation (1). Then, I 1 ∪ I 2 ∪ I 3 ∪ I 4 ∪ I 0 gives a basis of H 3 Q (X; F q ). Remark 2.3. The original paper [13, Theorem 2.11] claimed a certain cocycle, "Ψ(a, q 1 )," as part of its basis. However, this is an error, and the proof was corrected in another paper [11] .
Using a quandle 2-cocycle, f , we define the weight, W f (x; C), at the crossing x of diagram D with coloring C in X for the two types of crossings as follows.
The quandle 2-cocycle invariant of knots and links [3, Definition.4.3 and Theorem. 4.4] is the following state sum:
which is an invariant of link L. We consider
A quandle cocycle invariant of a link is associated with a 3-cocycle (as an analogy of group cohomology), φ, of finite quandle X. Using the quandle 3-cocycle φ, we define the weight, W φ (x; C), at crossing x of diagram D with shadow coloring C in X for the two types of crossings as follows.
The shadow cocycle invariant of knots and links [3, Definition.5.5 and Theorem.5.6] is the following state sum:
Next, we define Vassiliev invariants. Let K be a vector space over C freely spanned by the isotopy classes of oriented knots in S 3 . A singular knot is an immersion of S 1 into S 3 , whose singularities are transversal double points. We regard a singular knot as a linear sum in K obtained by the relation shown in the following figure 5. 
Relation between quandle shadow cocycle invariants and Vassiliev invariants
Let L be an oriented link and b ∈ B n be a braid such that the closure is isotopic to L.
Definition 3.1 ([9]
). The construction of the general quantum invariable is explained below. Let V be a vector space over C. We obtain a representation,
Such a map, ψ n , given in (4) always satisfies
The matrix R is required to satisfy the following relation:
We refer to this equation as the Yang-Baxter equation, and its solution is referred to as an R-matrix.
Theorem 3.2 (chap.I [18] and chap.X [10] ). We regard R as an R-matrix and h ∈ End(V ) as a linear map that satisfies
Then, a trace h ⊗n · ψ n (b) is unchanged by MI and MII moves. Therefore, this invariant is an isotopy invariant of L.
We refer to these invariants as the isotopy invariants of L obtained from an R-matrix. The invariant calls the operator invariant of L associated with the R-matrix. [17] ). Let f be a quandle 2-cocycle. We consider the following R-matrix:
According to Theorem 3.2, we obtain the operator invariant using the R-matrix. This operator invariant is equal to a quandle cocycle invariant, Φ f (L).
be a quandle 2-cocycle of the Alexander quandle
Then, the coefficient of the degree,
Proof. We obtain the following R-matrix:
We associate matrix R and its inverse, R −1 , to the positive and negative crossings of D, respectively. These matrices coincide when = 0. Therefore, R−R using ω. We substitute t = 1/(1 − ) and ω = e in
We associate matrix R and its inverse, R −1 , to the positive and negative crossings of D, respectively. These matrices coincide when = 0. By definition (ii) of a quandle, there exists unique z ′ ∈ Z[T ± ]/J in the unbounded region of D such that R = R −1 . Further proof can be obtained in the same manner as that for Theorem 3.4. Let p be an odd prime number and J be a (p, T −ω) of the ideal of Z[T ± ]. We know that H 3 Q (Z[T ± ]/J; Z) ∼ = Z/pZ [14] . Hence, we need Theorem3.8 to deduce the Vassiliev invariants from quandle shadow cocycle invariants by using the quandle cocycle of Theorem2.2.
Let the power series gained by developing Φ φ (L)| t=ω=e be Proof. For any n ∈ Z, there exist k ∈ Z and 0 ≤ i < p − 1 such that n = kp + i.
